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Summary.  —  The  way  a  particle  changes  its  angular  inonientum  under 
inhomogeneous  Lorentz  transformations  is  well-known  classically.  The 
object  of  the  present  paper  and  a  later  one  is  to  consider  the  problem 
qttautum-mechanic4tlly  for  particles  of  any  mass  and  any  spin.  In  the 
present  paper  we  shall  consider  in  detail  the  case  where  a  particle  has 
a  definite  angidar  momentui  in  one  frame  of  refere..ce  and  we  shall 
calculate  the  probability  dlstri.  atiou  of  angular  momentum  in  a  frame 
translated  with  respect  to  the  original  frame.  In  a  later  p.aper  we  shall 
treat  the  case  w’here  the  two  franies  of  reference  are  moving  tvith  respect 
to  one  another.  The  basic  mathematical  tool  is  the  form  for  the  infini¬ 
tesimal  generators  of  the  infaomogeneo  ra  Lorenta  group  devised  by 
Lomont  and  .Moses  in  which  the  Hamiltonian,  square  «>f  the  angular 
momentum,  j  mmponent  of  angular  momentum,  and  helicity  are  diagonal. 
The  present  papt  md  the  projected  one  are  important  in  multiple  scat¬ 
tering  p,  blems,  for  it  is  possible  using  the  result*  to  take  into  account, 
to  a  certaiu  degree  at  least,  the  effect  of  the  sele«;tion  rules.  These  rules 
are  almost  always  ignored  in  multiple  scattering  problems.  For  example, 
it  is  showm  that  when  the  density  of  a  gas  is  sufficiently  low',  radiative 
Cooling  goes  on  at  a  much  faster  rate  when  selection  rules  are  taken  into 
account  than  when  they  are  ignored. 


1.  -  loUoducflOD. 

In  classical  mechanics  the  problem  of  determining  how  the  components  of 
the  angular  momentum  of  a  particle  transfo.rm  when  the  frame  of  reference  is 
transformed  under  an  inhomogeneous  OalUean  or  Lorentz  transformation  has 
an  almost  trivial  solution.  In  quantum  mechanics,  on  the  other  hand,  tne 
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problem  is  Tery  complicated  because  the  components  of  the  angular  mo- 
mentum  are  operators  which  do  not  eonunnte  and  hence  are  not  simalta- 
neously  lacasurable.  Instead  of  asking  for  the  values  of  wniponents  in  dif¬ 
ferent  frames  of  reference,  one  either  (a)  asks  for  the  transformation  properties 
of  the  expectation  value  of  the  square  of  the  angular  momentum  or  (b)  assigns 
to  each  frame  of  reference  probabilities  that  the  square  of  the  angular  momentum 
has  a  certain  value.  It  is  seen  that  the  problem  further  complicated  if  we 
wish  to  consider  particles  of  any  .spin  and  any  mass. 

In  the  present  p^per  and  a  subsequent  paper  we  shall  consider  the  quantum- 
mechanical  problem  where  the  frames  of  reference  are  related  by  an  inhomo¬ 
geneous  Lorentz  transformation.  Since  the  Lorentz  transformation  includes  the 
Galilean  transformation  together  with  corrections  such  as  the  Thomas  factor 
as  a  limiting  case  and  since  the  relativistic  tneory  includes  particle  spin  in  a 
very  natural  way,  it  is  seen  that  the  case  of  the  Lorentz  transformation  is  far 
more  interesting  than  the  Galilean  transformation. 

The  principal  tool  which  we  shall  use  will  be  the  form  of  the  inflnitesi: 
genemtors  of  the  inhomogeneous  Lorentz  group  in  terms  of  a  representatioi  ■  in 
which  the  Hamiltonian,  square  of  tl»e  angular  momentum,  j-component  of  the 
angular  momentum,  and  helicity  are  diagonal.  This  form  was  given  in  ref  (‘). 

Since  the  effect  of  rotations  of  frames  of  reference  on  the  angular  momentum 
has  been  studied  before,  we  shall  not  discuss  them  further.  Instead,  we  shall 
limit  our  attention  in  the  present  paper  to  the  case  in  which  a  particle  of  given 
spin  and  mass  has  a  given  value  of  square  of  the  angular  momentum  with 
respect  to  one  frame  of  reference.  We  shall  then  consider  the  expectation  value 
of  the  square  of  the  angular  momentum  in  a  frame  of  reference  displaced  with 
respect  to  the  original  one.  We  shall  also  obtain  analytically  and  numerically 
probabilities  that  the  particles  in  the  new  frame  of  reference  have  certain  values 
for  the  square  of  the  angular  momentum. 

In  the  subsequent  ■  r  we  shall  consider  the  case  where  the  two  frames  of 
reference  are  movk  aspect  to  each  other  with  a  constant  velocity. 

The  problem  of  tu  x  tics  of  the  angular  momentum  as  the  frame  of 
reference  changes  is  importa;  if  one  wishes  to  take  Into  account  selection 
rules  in  certain  types  of  multiple  scat*^«ring  problems. 

Let  us  consider,  as  an  example,  a  gas  in  w'hich  photo-ionization  and  photo- 
recombination  take  place.  One  might  consider  the  as  being  contained  in 
a  transparent  container  which  is  illuminated  by  an  external  source  of  pboto- 
ionizii^  radiation  for  an  instant  and  ask  for  the  rate  of  decay  of  the  number 
of  free  electrons  due  to  photo-recombination.  The  decay  rate  will  depend  upon 
multiple  absorption  and  emission  processes  and  thus  upon  the  probability 
that  the  electron  is  recaptured  by  an  atom  with  the  subsequent  emission  of  a 
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(*)  J.  S.  LomO.vT  and  11.  E.  Moses  :  Journ.  Mf’th.  I‘hy-9.,  5,  294  (1964). 
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photon.  Because  of  the  selection  rules  the  phot!3electrori  has  only  a  finite 
number  of  possibihties  for  its  angular  momentum  {usnaily  i  or  |  since  the  orbital 
angular  momentum  changes  by  1)  with  respect  to  the  emitting  atom.  To  be 
captured  in  a  permitted  prtwess  by  another  atom,  the  electron  must  have  the 
certain  speoific  angular  momenta  with  respect  to  the  capturing  atom,  usually 
the  same  angular  momenta  as  it  has  with  respect  to  the  emitting  atom.  Consider¬ 
ing  the  emitting  and  capturing  atom  as  constitutiug  two  frames  of  reference 
we  are  iramediateiy  led  to  the  problem  of  determining  the  probability  that 
the  electron  has  a  given  angular  momentum  in  a  second  frame  when  it  is  pre¬ 
scribed  in  the  first  frame.  If  the  probability  of  having  a  suitable  angular  momen¬ 
tum  is  very  small  with  respect  to  the  capturing  atom,  the  probability  of  mul¬ 
tiple  absorption  and  emission  processes  is  very  siiiall.  One  niay  then  neglect 
the  multiple  absorption  and  emission  piocesses  which  go  on  in  the  gas  and  regard 
the  atoms  as  being  free  in  so  far  as  photoionisation  processes  are  concerned  (*). 

As  a  second  example  of  multiple  scattering  where  the  selection  rules  may 
,  decisive  part,  let  us  eoiisider  the  radiative  emdiug  of  a  gas.  Consider  a 
gas  of  one  kind  of  atoms,  which  for  simplicity  of  discussion,  can  have  only 
one  excited  state.  In  the  gas  some  of  the  atoms  will  be  in  the  excited  state  and 
some  will  be  in  the  ground  state.  If  we  restrict  our  attention  to  the  way  gas 
cools  by  emission  of  raduttion  only,  some  of  the  atoms  will  drop  from  the  excited 
state  to  the  ground  state  by  emitting  photons.  Of  these  photons  some  will 
escape  the  gas  completely.  Some,  however,  will  be  captured  by  atoms  in  the 
ground  state  and  excite  these  atoms.  The  excited  atoms  will  then  emit  photons 
of  the  same  frequency.  The  absorption  and  re-emission  process  slows  down 
the  rate  at  which  gas  cools  by  omission  of  nuliation. 

As  in  the  previous  example  each  of  the  photons  which  is  emitted  from 
an  atom  has  a  specific  angular  momentum  whith  respect  to  the  atom  (the 
angular  momentum  is  1)  because  of  the  selection  rules.  To  be  absorbed  by 
an  atom  in  the  ground  state  the  photon  must  have  the  correct  angular  mo¬ 
mentum  with  respect  to  the  absorbing  atoiu  (again  1).  Hence,  one  must 
evaluate  the  probability  that  the  photon  has  the  correct  angular  momentum 
with  respect  to  the  absorbing  atom  when  it  has  a  given  angular  momentum 
with  respect  to  the  emitting  atom. 

One  can  think  of  many  other  examples.  Generally  speaking  a  complex 
particle  will  emit  a  given  particle,  the  process  being  subject  to  selection  rules. 
For  absorption  by  another  particle  one  must  calculate  the  probability  that 
the  right  angular  momentum  conditions  are  satisfied. 


(*)  We  are  indebted  te  Dr.  .ti.i  Naqvi  of  the  Geophyde-^  t'orporation  of  America 
for  his  obsiervation  of  the  etteet  of  selection  mles  on  the  multiple  processes  in  this 
example.  Indeed,  his  observation  in  this  case  led  as  to  the  di«cnssion  of  the  scIectio!i 
mles  which  follows  and  uitiaiately  to  our  interest  in  the  traiisfonisatk>n  properties  of 
the  angular  inoioentiur.  in  quantum  mechanics. 
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In  all  of  these  multiple  scattering  processes,  the  eross-soction  a  for  ab¬ 
sorption  must  be  replaced  by  IFo  where  is  the  probability  that  the  angular 
momentum  has  the  correct  value. 

As  far  as  the  author  knows,  no  one  has  taken  the  selection  rules  seriously 
into  aecunnt  in  processes  of  the  tj^e  described  above,  possibly  because  no  one 
has  heretofore  calculated  the  probability  W. 

We  may  expect  obat  when  the  gas  has  low  detisities  so  that  the  average 
distence  between  atoms  is  great,  W  will  be  simtll  so  that  nuiltiplc  professes 
can  be  ignored.  Likewise  at  high  (translational)  temperatures  such  that  the 
atoms  have  a  high  relative  velocity  on  the  average  with  respect  to  each  other, 
W  will  be  small  and  the  effects  of  nwltiple  processes  are  small.  From  sirch 
considerations  it  is  clear  that  if  selection  rules  are  taken  into  acoount,  the 
effect  of  multiple  proeosscs  is  less  than  if  the  selection  rules  are  ignored. 

Speaking  more  abstractly,  most  calculations  of  multiple  sciittcring  take  into 
account  conservation  of  energy  but  not  eonseivation  of  angular  momentum. 
Tjse  of  the  selection  rules  has  the  effect  of  taking  into  account  conservation 
of  angular  momentum. 

In  the  present  paper  it  is  shown  by  numerical  calculation  that  when  the 
density  is  such  that  the  average  distance  between  the  emitting  particles  is 
of  the  order  of  half  a  De  Broglie  vuve  length  of  the  emitted  parti«-le,  W  will 
be  of  the  order  of  0.2  or  less.  (It  should  be  noted  that  Wa  is  still  orders  of 
magnitude  much  greater  than  cross-sections  for  forbidden  transitions.)  When 
the  interatomic  distance  is  greater  than  of  the  order  i  the  De  Broglie  wave 
length  of  the  emitted  particle  W  becomes  significantly  less  than  1.  Hence 
we  are  able  to  establish  a  critical  density,  such  tlrat  if  the  density  of  the  gas 
is  less  than  the  critical  density  it  is  extremely  important  to  take  tlie  selection 
rules  into  accA*uiit  (*). 


2.  -  Classical  and  quantum  dmripttos  of  partieles. 

The  present  Section  is  intended  to  give  the  background  to  the  analytical 
and  numerical  calculatioms  which  follow. 

Classically,  a  relativistic  particle  of  mass  yu  is  specified  by  the  set  of 
dynamical  variables  which  consists  of  the  co-ordinates  and  momenta  {sf, 

(t  =1,2,3),  the  relativistic  Hamiltonian  H  =  c[2  and  the  eom- 


(•)  It  seems  possible  that  one  could  have  obtained  such  estimates  as  the  above  by 
a  clever  use  of  the  uncertainly  principle.  These  estimates  are  made  for  the  case  that 
the  translational  temperature  is  (strictly  speaking)  zero.  Honever,  they  are  still  valid 
for  any  temperature,  since  if  the  atoms  mi»ve  with  respect  to  each  other,  the  *  broad¬ 
ening  »  of  the  angular  momentu  a  is  even  more  severe, 
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ponents  of  the  angular  momentum  .P  J-  ^Pp^  —  Pp^^  p  = 

~^pp^~ppi.  (We  are  anticipating  relativistic  iiotation  in  using  superscripts 
rather  than  subscripts  for  components.) 

Then,  as  is  well-known,  we  can  write  a  space-time  t-vcctor  of  and  a  mo¬ 
mentum  4-vector  p®  where  *  =  0,1,  2,3,  on  defining  and  p^  -Hjc. 

However,  in  order  to  write  the  components  of  the  angular  momentum  in 
a  relativistic  notation,  it  is  necessary  to  introduce  a  4  x  4  dimensional  angular 
momentum  tensor 

(2.1)  =  — 

Then 

(2.2)  p  =  J»  ,  P  =  J»» ,  P  JI5 . 

The  renuiining  components  of  the  angular  momentum  tensor  have  vector  trans¬ 
formation  properties  which  can  be  exhibited  by  introdueing  new  dynamical 
variables  _/*  defined  by 

/i=.  —  p>  //^i,2,.3), 

(2.3)  n  i 

^  ^  =^ctp*  ^j-i-~  =  ^[HP  —  cHpq. 

We  can  now  return  to  nonrelativistio  notation  and  say  that  relativisticaliy 
a  particle  is  completely  specified  by  the  following  dvnamical  variables:  p*, 
JS  and  If.  ' 

Since  we  shall  be  interestt-il  in  how  the  angular  momentum  changes  under 
translation,  let  ns  consider  a  particularly  simple  translation,  namely  a  trans¬ 
lation  along  the  s*  axis.  (It  is  clear  that  by  a  suitable  rotation  any  tramslation 
can  be  eonverted  to  such  a  translation.) 

Then  in  terms  of  the  new  frame  of  reference 


(2.4) 


p'  =  a!> 

=  s* 

?•'  =  s*  —  a 

p*'  -  p' . 


Hence,  from  and  (2.2) 

(2.5) 


Ji"  ^  Ji-i.  ap’ 
p’  ^p—ap^ 
P'  =  P . 
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Also  denoting  the  square  of  the  angular  mcmentum  by  /*  where 

(2.6)  /»  =  2 

i 

we  have  in  the  new  frame  oi  reference 

(2.7)  p'  ==  p  ■]-  2a{ -  J*p^)  +  a^p-  -  [p^)^)  , 

where  p*  is  the  square  of  the  momentum:  p*=^2(p*)*. 

< 

To  quantize  the  classical  theory  of  the  free  relativistic  particle  we  use  the 
(ianonical  approach.  Namely,  we  calculate  the  Poisson  brackets  of  all  of  the 
dynamical  variables  and  replace  the  Poisson  brackets  by  eommutatora  of  the 
ojierators  which  correspond  to  the  dynamical  variables. 

As  an  example  let  us  evaluate  the  Poisson  bracket  of  ^  and  p*.  Be  de- 
tuition  of  the  Poisson  bracket: 


But 


{/S  P*} 


Y[8f‘  0p‘  Bx*  cp\ 


(Bp^lbp*)  ~  du ,  (SpVS**)  —  0 , 

wid  from  (2.3) 

(8/‘/ca?‘)  =  ^  . 

c 

Thus 

{/',  !>'}  =  7  ■ 

On  replacing  the  variables  p*,  and  H  by  ojierators  and  on  using  the  fact 
that  the  quantum  Poisson  bracket  of  any  two  operators  A  and  B  is  related 
to  the  commutator  [A^  B]  —  AB—BA  by 

{A,  B)  =  {m)-KA,  B]  , 

we  obtain  the  commutation  relation 

r/spi]:=fiff. 

By  replacing  the  classical  dynamical  variables  by  ojieratorg  and  Poisson 
brackets  by  commutators,  we  obtain  quantum  conditions  on  the  dynamical 
variables  in  the  form  of  a  commutator  algebra. 
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fn  relatmstie  quantum  mechani{«,  however,  the  eo-ordinate  operator? 
have  serious  difficulties  associated  with  them.  For  exaraple,  from  the  com¬ 
mutation  rules  which  are  derived  in  tlie  above  manner,  it  eaii  be  shown  that 
the  i  }-ordinate  op«‘rators  do  not  commute  with  the  sign  of  the  energy  and 
hence  particles  with  positive  cnergj’  eannot  be  locali?GU.  Because  of  this  and 
similar  difficulties,  it  is  customary  to  ignore  the  eo-ordinate  operators  s*.  One 
thus  regards  the  momentum  operators  p‘,  the  tlaiuiltonian  H,  the  angular 
momentum  operators  J*,  and  the  ?  space-time  »  operators  as  constituting  the 
entire  set  of  dynamical  variahler.  «uich  describe  free  relativistic  particle  in 
quantum  mechanics.  The  commutation  relations  which  they  satisfy  are  de¬ 
rived  from  the  Poisson  bracket  approach  described  above.  The  commutavors 
of  interest  also  form  a  commutator  algebra.  We  shall  write  the  set  of  com- 
mufation  roles.  Since  we  shall  have  no  further  occasion  to  us?  relativistic 
notation,  we  shall  replace  superscripts  by  subscripts. 


(2.8) 


ip,  Pi]  =  0  , 

[S,  Pi]  =  0  , 

\Jli  ~  » 

[Jj  t  Ji]~  , 

[Ji,  Pt]=0, 

[Ji,  p,]  tSp,  =  [pt,  J,3 , 
P»]  ~  ikpi  “  lp*>  tl»]  f 
[*i««  Pi3  ~  —  [pt  t 

[J„H]  =  0, 

i'-hr  i/t]  "•  ”  itfit  *^1]  f 

[J.,/.]  ==t*/,  =  c/*,J,], 

[J»,  ^»]  "  ™  isfif  'Alf 

[/tf  pj]  ~  , 

[/,/.] 

i/i,  S]  =  ihept , 

~  ~  j 


In  most  discussions  of  the  commutation  rules  (2.S)  and  c  are  set  equal 
to  unity  to  simplify  the  discussion.  Since  we  are  interested  in  obtfuning  na- 
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morifeil  vaiues,  Ave  shall  instead  the'  «  reduced  »  operators  pi  =  pilh, 

ft  ^Hjhe,  Ji  =yiih.  These  reda"i‘cl  operateirs  satisfy  the  comuinta- 

tioa  rules  (2,8)  but  wjtti 

It  is  a  i'e*uarkable  f»et  that  the  reduced  operators  can  be  interpreted  as 
the  influitesimai  generators  of  the  ray  representations  of  the  proper  ortho- 
ehronous  inhomogeneous  Lorentz  group  (references  (»)  and  (®)).  They  have 
been  studied  in  this  context  and  all  irreducible  representations  lijive  been  found. 
Representations  exist  which  can  be  interpreted  as  eorresjmuding  to  particles 
of  any  mass  and  spin.  Various  forms  for  the  inlinitesiinal  generators  or,  equi¬ 
valent,  dynamical  variables  are  given  in  references  (*•’). 

In  refeiences  (*■*)  the  dynanileal  variables  are  g^ven  iti  representations  ■where 
the  momentum  operators  pt  are  diagonal  (*). 

However,  for  the  purpose  of  studying  the  transformation  properties  of  the 
angular  momentum,  it  is  much  more  desirable  to  have  an  angular  momentum 
basis.  The  anjpilar  momentum  basis  is  described  iti  detail  in  reference  {*). 
In  the  present  paper  we  shall  describe  only  so  mueh  of  the  form  of  the  ope¬ 
rators  in  verms  of  this  basis  as  is  needed  for  the  calculations  of  this  paper. 

In  addition  *0  the  dynamical  variables  p,,  J,,  and  E  introduced  above, 
it  will  be  convenient  to  introduce  the  helicity  or  circular  polarization  oper¬ 
ator  w  defined  by 


(2.9) 


w  — 


^  ViJi 

_ i 


For  the  civsc  of  particles  of  nonvanishing  mass  p  and  spin  s  we  introduce 
a  Hilbert  space  of  functions  tffK.j,  m,  a)  where  the  range  of  E  is  p<£<oo, 
the  values  taken  on  by  a  are  a  =  — «, — « 4- —  1,  «,  and  for  a  fixed 
value  of  *  the  range  of  j  is  given  by  /  =  |a|,  1*1  f  1,  |*|-f  2,  ...  For  a  fixed 
value  of  j,  m  takes  on  the  values  m  —  — ; -f  I, ...,  j  —  I, i. 

The  inner  product  of  two  states  if  given  by 


eo 

/dU 

;,  itt,  x)f(E,j,  m,x) , 
V 


in  E.  r.  WUJNEU:  dK»i.  Math.,  40,  149  (1939). 

(*)  V.  Baromans  and  E.  P.  WniNEK:  Nal.  .lent/.  >Svi,  U.  S.,  34,  211  (1948). 

(^)  L.  L.  Folov:  P/t^s.  per.,  102,  r»fi8  (lor-fi). 

{*)  III.  M.  SumoKov:  Sov,  I'hys.  6,  919  (1958), 

(•)  V.  I.  Rites:  Sav.  Pbys.  J.E.T.P.,  8,  990  (1939). 

P)  J.  S.  Lomon'T  and  H.  E.  Mose.s:  Journ.  Math,  Phyn.,  3,  403  (1962). 

(*)  In  rof.  (*)  the  operators  are  given  in  terms  of  an  .r.repre.seutation  which  is 
essentially  the  Fourier  transform  of  the  momentum  representation. 
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If  we  take  a  state  function  which  is  normalized  to  unity,  i.e. 


y  f—  lf(h. m.  x)  I*  =  1  . 
#■ 


then 
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gives  the  probability  that  a  mcasttrement  of  J-  will  gh'e  a  value  of  1), 

J*  will  give  a  value  of  hm,  anti  w  will  give  a  value  of  hx.  It  will  be  useful  to 
introduce  states  which  are  simultaneous  aigeiistates  of  J,  and  w  such  that 
the  particle  will  have  its  energy'  within  a  narrow-  range.  Aeeordingiy  we  intro- 
dusA,  normalized  states 

(2.12)  j,  m,  a)  -  g{E)  , 

where  g{E)  is  a  function  of  E  such  that  \g{E)\  has  a  sharp  mavimnm  for 
E  —  Eg  and 


Thus  these  states  are  in  a  sense  eigenstates  of  H  with  the  eigenvalue  E^, 
For  the  massless  case  we  set  ft  —  0  in  the  above  expressions.  But,  in  ad¬ 
dition,  «?  is  a  scalar  and  at  takes  on  one  value  only.  The  number  at  is  either 
-f-s  or  — «  whore  #  is  the  spin  as  before.  In  the  definition  of  inner  product 
the  summation  over  a  is  omitted.  The  eigenfunctions  which  correspond  to 
those  of  (2.12)  have  the  faetor  replaced  by  1. 


3.  -  TrsDsformatioa  properties  of  the  angular  momentum  operator.  HelseiihMg 
and  SchrSdinger  pietur«i  of  Invariaffiw. 

In  the  present  Section  we  shall  ennsider  a  translation  of  frames  of  reference 
along  the  s-axis,  munely  the  translation  which  would  lead  elassieally  to  the 
results  (2.4)  and  (2.5)  sor  the  new  values  of  the  co-ordinates,  components  of 
momentum,  and  components  of  angular  momentum.  We  want  to  describe 
qnantum-raechanically  how  the  dyiiamical  variables  .and  states  in  the  new 
frame  of  reference  are  related  to  those  in  the  old. 

It  is  customar/  to  use  one  of  two  pictu.»’e8  for  de^ribing  the  change.  Thege 
two  pictures  are  generalizations  of  the  Heisenberg  and  Schrodinger  pictures 
for  the  equations  of  motion  describing  the  time-development  of  a  qnantnm- 
mecbanieal  system.  We  shall  call  the  corresponding  generauzations  also  Heisen¬ 
berg  and  Schrodinger  pictures  of  invariance. 

In  the  Heisenberg  picture  of  invariance,  the  states  in  the  two  frames  of 
re'^ji'ence  are  the  same  but  the  dynamical  variables  change.  In  fact,  the  re- 
;.*tion  of  the  dynamical  variables  in  the  two  frames  of  reference  are  the  same 
as  in  classical  theory.  Hence  the  inomentum  and  angular  momentnm  ojicrators 
in  the  new  frame  of  reference  are  related  to  the  old  by  (2.4)  and  {2..5). 
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II 


From  the  general  requirements  of  invariance  it  can  be  shown  that  the 
primed  operators  must  be  related  to  the  unprimed  rariables  by  means  of  a 
unitarj'  transformation.  If  A  is  any  dynamical  variable  in  the  original  frame 
of  reference  and  A'  is  the  dynamical  variable  in  the  new  frame  then 

(3.1)  d'=l7-Ui;. 

For  the  translation  along  the  ?-axis  it  can  be  shown  that 


In  the  Sehrodinger  picture  of  invariance,  on  the  other  hand,  the  operators 
remain  unchanged  bnt  the  states  change.  I^jt  us  denote  by  a  state  in  th 
new  frame  when  the  state  in  the  original  frame  was  given  by  y.  The  Schro- 
dinger  state  f '  is  required  to  satisfy 

{3.3)  {^',  Aip’)  =  (ip,  A'if  ) . 

One  takes 

(3.4)  f'  =  Uf  . 

4.  -  The  e^eetidton  value  of  the  sqoue  of  the  augulw  momefitum. 

In  the  present  Section  we  shall  give  emet  expressions  for  the  expectation 
value  of  the  square  of  the  angular  momentum  opemtor  in  the  second  frame 
of  reference  when  in  the  original  frame  of  reference  the  particle  had  a  definite 
value  for  J,,  and  ». 

It  will  be  convenient  to  use  the  Heisenbe^  picture.  Hence  the  compo* 
nents  of  angular  momentum  transform  according  to  (2.5).  Thus 


®  /  TT "  \ 

(4.1)  J'  +  aiJiPi  +  PiJi—Jipi  —  pvh)  . 

Jjct  tts  assume  that  we  are  in  the  state  given  by  (2.12).  Then  on  using 
(2.10)  and  (2.11)  we  find  for  the  expectation  values  for  /'* 


(4.2)  <J*>-ftm-i-i)  + 


2a*pl 


(2/,-l)i2/e4.3)L 


jsi}B+  1) -  1  -f-  +  <?»  - 


is(Je  T"  I ) 


In  (4.2)  pa  18  given  by  p^--  [(^/e-)— and  is  the  absolute  value  of  the 
momentum  of  the  particle  in  both  the  original  and  tianslated  frames.  In  de- 
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rmng  the  expression  (4,2)  we  have  used  very  heuTilv  the  peaking  property 

of  g{E)  in  getting  the  dependenee  on  p,.  For  the  massless  cjtse.  one  should 
replace  *  by  the  spin  s. 


If  in  the  original  frame  of  reference  one  did  not  know  the 
Would  be  natural  to  aver-^  over  all  values  of  this  quantum 


”alue  of  Too,  it 
number.  De¬ 


noting  the  result  of  this 
formula 

(4.3) 


average  by  (J”}  we  find  an  extraordinarilly  simple 
</">  =  1)  -f  la^p*  . 


This  formula  is  vaUd  for  particles  of  any  mass,  any  spin,  and  any  circular 
polarisation. 

It  IS  interesting  to  compare  this  formula  with  the  classical  formula  for  /'*. 
The  classical  eon  terpart  of  averaging  over  is  to  average  over  all  directions 
of  the  vector  p.  From  (2.7)  we  find  this  process  yields 


hJ) 


r 


Thus  lu  quantum  mechanics  the  square  of  the  angular  momentum  changes 
faster  than  in  elassicai  mechanics  under  the  translation  of  the  frame. 

In  obtaining  (4.3)  we  used  the  well-known  expression  for  the  averse  of 
ml,  namelVf 


5.  -  ProbabUiU^  of  wioBs  saguUr  raoaeuUk  An^Ie  ealeulattois. 

In  the  present  Section  we  shall  caleulate  to  the  fourth  order  the  proba¬ 
bilities  that  the  square  of  the  angular  momentum  has  a  certain  value  when 
in  the  original  frame  of  referenee  it  is  in  an  eigenstate  of  the  square  of  the 
angular  momentum.  That  is,  in  the  original  frame  of  reference,  the  state  is 
given  by  (2.12).  In  the  new  frame  of  reference,  the  state  is  given  bv 

^  ^  f  h  m,x)  =  U  fs{E,  j,  m,  at) 

m  the  Schrodinger  picture  of  invariance,  where  U  is  the  unitary  operator  of 
(3.3),  which  depends  on  o.  Let  us  define  W.(a)  to  ae  the  probaWty  that  in 
the  new  frame  of  refereneo  J*  has  the  eigeu'^hie  »+l),  Jg  has 

the  eigenvalue  hm^  and  a?  has  the  eigenvalue  (The  probability  that  J, 
and  w  have  eigenvaittes  other  than  rhose  given  above  is  zero.  Also  the  range 
of  energies  is  unchanged  in  a  translation  of  frames  of  reference  so  that  the 
particle  continues  to  have  enei^es  near  Eg  ) 

§ 
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Then 


(6.2) 


03 


}a 


n.  Bis, 


where  n  is  either  a  positive  or  negative  integer  or  zero.  We  have  acted  as  though 
we  are  discussing  the  nonzero  mass  euse  only,  but  a  slight  modification  of 
notation  includes  the  massless  cAse  also. 

In  order  to  obtain  analytic  espressions,  we  expand  U  in  terms  of  a  power 
series  in  a  and  evaluate  W,(a)  using  (6.2).  We  have  carried  out  this  program 
to  the  fourth  order  in  a.  Since  the  state  has  a  sharp  peak  at  E  —  Ea, 
Wapt)  is  actually  expanded  in  a  power  series  in  in  which  only  even 

powers  appe-ar. 

Let  us  write 


(5.3) 

Then 


{5.4) 


W„{a)  iapJhT  ir**  +  iapjh)  + ... . 


M'f 

in*’ 

vn“  ^ 


U) 


in“  = 


"nA  t 

0  for  all  H  except  s  =  1  or  —  1,  or  n  ~  0 

-4)  1  1 

(2 j,  - 1  )(2i,  +  1 )  i|  -  ■  '  ■  (2/*  r  1  )2h  3)  ' 

{(i*4  i}*-»a)({/.+  i)*  4)  1 

(2j,4.1)(2i*  +  3)  “  (;,^1)»’ 

(i?  >4)  ill— 4)  i 

0  for  all  n  except  for  »  — 0,  l,  — I,  2,  — 2, 

1  (  4j44  ((j^  f  1)*  — w|)({;,4-1)*_4) 


(L  +  1)*’ 


12  +  l)*{j,  +  2)*  (2i,  +  1 )  I2j,  +  3)  (j,  +  1)^ 


(ft— «i)(4— 4) 


f1(?s  +  1*)  {2f«—  1 ) (2f«  -r  1  )fS 

(2j^  1)  (2j,  +  l)i|  (2f,  +  lH2f,  +  3)  iu+ir- 
((f«  +  l)*— ?a|)((L  +  l)*  — 4)1=  . 


*  J  1{2^-*1)(2;,4-1)4 


[  (2j,  +  l)(2f,  +  3)(i<,-fl)= 

Uh  T  D* -miJCh  + 1)= --4)  {(h±  2)^-p4)((h±2r—j4) 

(2U  i-  1)  (2i,  ^  3)  (j,  +  1)“-  (2;,  +  3)  (2/,  +  3)  (J,  +  2)= 

^  (ft— 84){j»— 4)  ((h — 1  )*  »4H (h  —  1)’ —4) \ 

^  (2fa— l}(2fe+l)f|  (2f,— l)(2f,-.3)(^— 1)*  r 
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_^1 _ (Cja-t-l)*  B?*)(lis4-lr  *1)^ 

sUiCi,  +  rrij^  ‘  2f  \2U  +  3) r t)i 

WJ— -4)  Uhl  +  -4)  , 

(2i«-l)(2/,  +  l}7|  (2j,4-l)(2i,^3){t,  +  l)- 

(2/,+  ir(2]»  +  3)(/,+  l)=  J 

{ih+  1)^ -  ml)  ((/,  + 1)^-4)  (U,+  2)-~  m|){(i8  f  2)*  4)j 

(2;*  ^  1 )  (2  j,  +  3)  (;,  +  1 )“  (2;,  +  3)  (2/,  r  5)  (/,  f  2)*  J’ 


(5.4) 


(?|— m|)(j4~4)^  . 

3  i  i)t  (2;,-l)(2/,4- 1)4 

A.  -  *5^  Wo  +  !)*_- ((h  +  1  )*— 4)  j 

(24— i) (2/, +  1)4  (24 +  1) (24 +  3) (4  +  1)- 

^  (4 — 'Wi|)(4 — 4)  *  ,  (il“'fl*l)(/l — 4) 

L(24~i)(24'+T)ilJ  ^  (24-1) (24  +  1)4* 

.  { (4  —  1  )* — ml)  ( (4  —  1  )* — 4) ) 
(24- 3)  (24-1)  (4-1)*  I  ’ 

]\T=lWo -)■  i)*-  »4) (14  +  1)*-  4)  ({4±2)-- ml) ((4  +  2)*-.4) 

4  (24  t  l)(24  +  3)(4+ t)*  (24  +  3)(24  t  5)(4+  2)*  ’ 


( (4  1  )* — *4)  ((4 — 2)* — —  m|)(4 — 4) 

”*■■'  4  (24- 3) (24  iHu-  If  (24-l)(24^+“l)7r 


For  tho  massless  case  one  should  substitute  the  spin  quantum  number  s  for 
jjc,  in  (.3.4).  The  expressions  (5.3)  and  (5.4)  give  accuracy  to  at  least  two  signi¬ 
ficant  figures  for  («pa/ft|<l  when  one  compares  these  results  with  the  nu¬ 
merical  results  discussed  in  the  next  Section. 


6.  -  Nnmerieai  mulb. 

In  order  to  obtain  the  probabilities  W„{a)  for  larger  values  of  a,  we  have 
resorted  to  numerical  computation  using  a  large  «)mputef.  The  objective  of 
the  computarion  was  to  avoid  expansions  of  the  type  indicated  in  the  previous 
Section.  This  objective  was  accompiished  by  replacing  the  oi»erator  p,  which, 
according  to  (2.11),  is  an  infinite-dimensional  matrix  in  the  quantum  number  j 
by  a  truncated  finite-dimensional  matrix.  The  finite-dimension^  matrix  can 
then  be  diagonalized  Using  standard  computer  techniques.  Then  can  be 
obtained  in  tl  is  representation  for  all  a  by  simple  exponentiation.  Finally, 
one  transforms  back  to  the  original  representation.  One  can  check  the  ac- 

iH 
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curacy  «»f  a  given  computation  by  increasing  the  sisse  of  the  finite-dime.. sionai 
matrix  which  replaces  pg  and  seeing  whether  the  results  are  seiisittve  to  this 
increase  in  size. 

In  Fig.  I  through  4  typical  results  are  given  graphically.  The  dimension 
of  the  matrices  was  25x25  in  Fig.  1  through  3  and  10x10  in  Fig.  4.  since 
the  amount  of  data  which  one  can  obtain  by  means  of  this  Uehnique  is  enor¬ 
mous,  we  have  averaged  over  ir,  and,  in  the  case  of  nonvanishing  iK;rss,  over  atg. 


S  6 
apjh 


ap^/fi 


Pig.  1.  -  Electron  or  neutrino,  4-  Fig.  2.  -  F.lectron  or  neutrino,  # 

These  averaged  quantities  are  the  interesting  ones  from  a  statistical  point 
of  view  and  in  the  examples  of  applications  given  in  the  Introduction. 

In  Fig.  1  we  have  given  graphically  Wi,  as  a  function  of  dp,/jl  for  various 
values  of  n  for  particles  for  spin  J  and  for  =|.  In  Fig.  2  results  are  given 
lor  particles  of  spin  |  and  for  ;« =  |.  In  both  of  these  cases  it  does  not  mat¬ 
ter  whether  the  particle  has  zero  or  nonzero  mass  in  taking  the  aven^ 
or  Wa.  No  average  has  to  be  taken  over  Zo  since  these  quantities  are  sym¬ 
metric  in  *9  and  since  je*  ==  s  ^  The  particle  b«.dng  considered  is  an  elec¬ 
tron  in  the  ease  that  the  nrass  is  not  zero  and  is  a  neutrino  if  the  mass  is  zero. 
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In  Fig.  3  we  have  given  IF,  for  massless  partieles  of  spin  I  and  =1. 
The  oases  whkh  we  have  given  above  are  of  interest  in  the  applications 
discussed  in  the  Introduction. 


In  Fig.  4  we  have  considered  the  case  for  which  the  mass  does  not  vanish 
and  for  which  and  Such  a  particle  might  be  a  complex  particle 

ejected  from  a  nucleus.  We  have  given  this  example  to  show  what  happens 
for  particles  of  higher  spin  and  angular  momentum. 

In  all  of  these  r^culations  there  is  quantum  «  noise  »  for  values  of  ap^jh 
such  that  W,  is  small  (less  than  0.4).  Tliat  is,  small  maYima  and  minima 
are  superposed  on  the  general  curve.  These  effects  are  especially  pronounced 
in  the  curves  of  W,  before  averring. 

The  c^cnlations  were  taken  for  valueg  of  {apgjh)  =0, 1, 2, ...,  10  and  some 
of  the  f  noise  »  may  have  been  missed  bec^anse  small  intervals  in  this  variable 
were  not  taken  (*). 


{*)  The  program  calculates  IF,  for  particles  of  any  spin,  and  apjh.  It  is  thus 
possible  to  produce  data  for  other  cases  in  the  form  of  tables  or  of  graphs,  if  neeiled. 
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RIASSUNTO  (•) 


II  mode  in  cui  ana  particella  eambia  il  suo  momento  angolwe  in  segaito  a  traafor- 
masioni  di  Lorente  inontogenee  e  classicameate  ben  note.  J/oggetto  del  presente  lavoro, 
e  di  ano  saceessivo,  4  di  cunsiderare  il  probiema  dal  panto  di  rista  della  tneeeaniea 
qaantistiea  pet  partake  di  massa  e  spin  qaalsiasi.  Net  presente  lavom  esamineremo 
in  dettaglio  il  easo  in  eai  ana  particella  ha  an  momento  angolare  deOnito  in  an  sistema 
di  riferimento  e  calcoieremo  la  probabilita  di  distribozione  del  momento  angolare  in 
an  sUtema  di  riferimento  traslato  rispetto  al  aistema  originale.  In  an  sacce^iro  laroro 
tratteremo  il  caeo  in  eui  i  due  sistemi  di  riferimento  si  muovono  I'nno  rispetto  idl'altro. 
Lo  etmmento  matematioo  fondamentale  e  la  forma  dei  generatori  iniinitesimali  del 
gmppo  inomogeneo  di  I^orentz  ideati  ua  LomonI  e  Mosee,  in  eai  rhamiltoniana,  il 
quadrate  del  momento  angolare,  la  cumponente  »  del  momento  angolare,  e  relieita 
sono  di^nali.  Il  presente  lavoro  e  quello  progettato  sono  important!  nei  problem! 
di  scattering  midtiplo,  in  quanto  e  posaibile,  ntiliazandone  i  lisoltati,  di  tener  conto, 
almeno  flno  a  un  eerto  lirnite,  dell’efleito  delle  regote  di  setesione.  Xei  problem!  di 
scattering  multiplo  tali  regole  souo  quasi  senipre  ignorate.  Si  dimti-  i-i  a,  ad  eaempio, 
ehe  quanuo  la  densita  di  mi  gas  e  sullieientemente  basaa,  il  ratfreddamento  radiativo 
procede  molto  pin  rapidemeute  se  si  tien  conto  delle  regole  di  selezione  di  quanto  non 
avrenga  se  si  trascurauo. 


(’)  Tradnsione  a  atm  della  Redeawne. 


